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Evaluation of Spatial Differencing Practices
for the Discrete-Ordinates Method
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Three popular spatial differencing practices for the discrete ordinates method are examined in detail for a
basic two-dimensional Cartesian coordinates problem. These differencing schemes are 1) positive, 2) step, and
3) diamond schemes. The diamond scheme is shown to produce negative intensities under certain conditions
irrespective of the number of control volumes employed, requiring some form of negative intensity fix-up. In
absorbing-emitting or absorbing-emitting-scattering media, grid refinement can result in negative intensities
when the diamond scheme is used. The diamond scheme and a positive scheme, which sets the negative intensities
encountered in the diamond scheme to zero or very small number for purely absorbing media, can also produce
physically unrealistic overshoots. The step scheme, although not considered as accurate as the diamond scheme,
gives physically realistic results for the basic problem considered. Further evaluation of Fiveland’s positive
conditions, and variable weight and exponential-type schemes indicate a need for alternate spatial differencing
schemes that describe the physics of radiative heat transfer more accurately.

Nomenclature
f = spatial differencing weights, Eq. (4)
I = actual intensity
L = total number of ordinates
S = modified source function, Eq. (2b)
w = angular weights
X,y = coordinate directions
B = extinction coefficient, k + o
Bl = modified extinction coefficient, Eq. (2a)
Ax, Ay = x and y direction control volume widths

polar angle

absorption coefficient

direction cosine in the x direction, cos 8
direction cosine in the y direction, sin 6 cos ¢
scattering coefficient

optical thicknesses

scattering phase function

azimuthal angle

blackbody
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control volume face between P and E
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N = control volume face between P and S
w = neighbor in the negative x direction
X,y = 1in the x or y direction

w = control volume face between P and W
Superscripts

LU = angular directions

Introduction

VER the past decade, the discrete ordinates method!-*

has been used in computations of radiative heat transfer.
One of the four popular spatial differencing practices is used
in most published works. These are 1) positive,* 2) step,’ 3)
diamond,” and 4) variable-weight® schemes. Researchers in
this area have attempted to prevent negative intensities from
occurring, mostly with experience gained from one-dimen-
sional analyses and computations. Recently, Fiveland’ re-
ported that it is not possible to ensure positive intensities for
all directions when the diamond scheme is used in multidi-
mensional computations.

Intensity is a positive quantity by definition. Negative in-
tensities are physically unrealistic and can cause computa-
tional instabilities. Various ways of ensuring positive inten-
sities have therefore been proposed. These include the negative
intensity fix-up procedure,? a positive scheme,* a variable-
weight scheme,® and positive intensities criteria.” All these
procedures use zero intensity as the reference intensity. When
a negative intensity is encountered, it is set to zero in the
negative intensity fix-up procedure. Other procedures attempt
to ensure zero intensity as the minimum.

Zero intensity is a physically realistic result only in a few
limiting cases, e.g., an optically thick purely absorbing me-
dium, or an unilluminated region of a nonscattering, non-
emitting enclosure. Usually, zero intensity is physically un-
realistic in an emitting and/or scattering medium. For a
scattering medium, zero intensities are only useful as inter-
mediate solutions in the iteration procedure.

Figure 1 illustrates the concept of physically realistic so-
lutions. The curve marked “Exact” represents a normalized
intensity solution in a purely absorbing medium. Curve B is
a physically realistic solution to the problem, although it is
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Fig. 1 Physically realistic and unrealistic solutions.

an approximation. Solution D with negative intensities (un-
dershoots) and curve A with overshoots (intensities higher
than the incident intensity) are physically unrealistic. Curve
E, which contains zero intensity for 7 << 2, is also physically
unrealistic. Trend C with zero intensity for 7 > 2 is a possible
solution when the diamond scheme is used with the set-to-
zero negative intensity treatment. Due to a lack of a better
criterion, curve C is usually accepted as the lower limit to
physically realistic solution. In this illustration, physically re-
alistic solution contains intensities between the maximum in-
tensity and the intensity produced by the diamond scheme
with the negative intensity fix-up procedure.

The purpose of this article is to present a detailed analysis
of the step, diamond, and positive spatial discretization meth-
ods as applied to a basic test problem. Fiveland’s positive
intensity conditions,’ variable weight schemes,® and the mod-
ified exponential schemes® are also considered. A brief dis-
cussion on a better differencing practice is given at the end
of this article, along with some concluding remarks.

Governing Equation

The linearized radiative heat transfer equation® for a two-
dimensional square enclosure (Fig. 2a) is written for each
ordinate direction / as

dr
dx

d
+§’£: -pLI"+ §! (1)

w dy m

The modified extinction coefficient and the modified source
term are

L= B - - (2a)
4
o L
o=kl +— > W (2b)
4ar =10+l

Integrating Eq. (1) over a typical control volume shown in
Fig. 2b gives

pI, = LAy + E(I, — I)Ax = (= B,pl5 + §1,7)8xAy
3)

Spatial differencing relations are used to derive the final

discretization equation for the nodal intensity. For the u' >
0 and ¢’ > 0 directions, these relations are usually written as

Ty = filly + (U= flL=fL+ (1 DI @)

where f', and f! are appropriate weighting factors. The dia-
mond and step schemes are obtained by setting f = f% = f,

E
wall 3

™~
wall 2 /
wall 4 D

wall 1
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c) ST Z

Fig. 2 Two-dimensional enclosure: a) schematic, b) typical internal
control volume, and c) test problem (first internal control volume).

to 0.5 and 1, respectively. When a positive scheme of Lathrop*
is used, the corresponding weights are

fo = max[1 — yi/yi(y, + 2),0.5] (52)
fi = max[1 — yi/yi(vi + 2), 0.5] (5b)
where
Y. = Al
o
(6)
V= Bay
Y

The final discretization equation for the nodal intensity then
becomes

;= MM, + Sf AL + S,pfif Axdy
i} pfiAy + EfAx + Bl ofifiAxAy

™)

Equation (4) is used to solve for the downstream boundary
intensities, with the nodal intensity obtained from Eq. (7).
Since the step and positive schemes always produce positive
downstream boundary intensities, no special treatment is
needed. The diamond scheme sometimes produces negative
downstream boundary intensities. When a negative boundary
intensity is encountered, the negative intensity fix-up proce-
dure proposed by Carlson and Lathrop® sets the negative
intensity to zero. A new discretization equation is then for-
mulated using Eqs. (3) and (4), and this equation is used to
solve for a new nodal intensity. The set-to-zero boundary
intensity remains zero in the current iteration to ensure energy
conservation within the control volume.

Analysis
The physical situation considered is a square enclosure with
one hot and three cold black walls (Fig. 2a). The hot wall is
the south boundary (wall 1). The medium can emit, absorb,
and scatter energy. The test problem considers the first in-
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Fig. 3 Step scheme I' /Il = I'/I! = I/I! for a) kAy = 0.1 and b)
xAy = 1.

ternal control volume at the lower left corner as shown in Fig.
2¢. For the p/ > 0 and ¢’ > 0 directions, with I/, = 0 (cold
west wall) and Ax = Ay for ease of presentation, Eq. (7)
reduces to

o SR+ SLefi Ay
"W+ EfL+ BLfif Ay

®)

This basic problem is important, because this is the most
upstream control volume for all u/ > 0 and &’ > 0 directions;
any error in the boundary intensities will propagate to the
entire solution domain. Also, the left boundary intensity of
an internal control volume can become zero due to a negative
intensity fix-up, even if the left physical boundary is not cold.

Step Scheme

For the control volume shown in Fig. 2¢, the east and north
boundary intensities are obtained using

& + S,pBy

Jlo=] =, = 2 s ImPr)
CO T WA E By

€)

Figure 3 shows contours of constant intensities in the quad-
rant &’ > 0 and £’ > 0 obtained from Eq. (9) for the purely
absorbing limit (S!,, = Oand B!, = «). Comparing the results
for Ay of 0.1 and 1.0 shows the intensity in any given di-
rection decreasing with increasing optical thickness. Consis-
tent with published literature, no negative intensities are pre-
dicted by the step scheme. Since no attenuation is experienced
between P and its downstream boundaries, the step scheme
produces physically realistic solutions for fine grids.

Diamond Scheme
Using f = f! = f! = 0.5, the nodal intensities are

" &I+ St Ay/2
o+ €+ BLpAY2

(10)

The corresponding north boundary intensities then become

(§' — ' = BLpByIS + S),,8y

Io=20, I =
! o W+ &+ Bl pAy2

1

Figure 4 shows I!/1! isopleths computed from Eq. (11) in
the purely absorbing limit (S/,, = 0 and B/,» = k). Negative
north boundary intensities are encountered and must be set
to zero by a fix-up procedure for the £’ = u/ directions. When
&' > p/, negative intensities are more prominent in the op-
tically thicker situation (kAy = 1).

The conditions for positive I/, are derived from Eq. (11)
for absorbing-emitting-scattering media

2ALE" — w') = BLpAy(IL = 28,01B).p) (12)
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Fig. 4 Diamond scheme I//I! for a) k¥Ay = 0.1 and b) xAy = 1.

or

A 21! ! PAY
mP y < s 1 _ &) fO I[ > mp
§I <I§ - zslnP/BjnP) < gl ' i {nP

(13a)

! 1 ! !
mPAy = 21\ 1 _ i for I{ < ZS mP
3 15— 28,08 & ;

mpP

(13b)

In the purely absorbing limit, Eq. (13a) and (13b) reduces
to kAy/&' = 2(1 — wp'/€"). Because both direction cosines are
needed, this two-dimensional criterion is more complex than
kAy/€' = 2, the positive intensity criterion for one-dimen-
sional planar geometry. When &’ = p/ for this two-dimensional
problem, the diamond scheme will produce negative I}, ir-
respective of the number of control volumes used. When &’
> !, positive I!, can be ensured for a sufficiently fine grid,
although this is not always practical in high optical thickness
computations.

For the two-dimensional absorbing-emitting-scattering
problem, Egs. (12) and (13a) show that negative intensities
are encountered and must be set to zero regardless of the
control volume size in two situations: 1) ¢’ < u/ and I =
28! o/IBLp, and 2) &' = p' and I! > 28! ./B..,. A fine grid
resolution and a restricted ordinate set including only the &’
> u! directions would be needed to ensure positive intensities
for the test problem when 7! > 2S5/, /B!, .. In media with strong
modified source function or weak modified extinction coef-
ficient (i.e., I} < 28/, ,/8!.5), Eq. (13b) implies that grid re-
finement can result in negative intensities. These results are
contrary to the common belief that a sufficiently fine spatial
discretization will ensure positive intensities when the dia-
mond scheme is used.?>*

The diamond scheme east boundary intensities for the test
problem can be written using Eqgs. (4) and (8) as

2805 + S).pAy
w o+ &+ BlLpAy2

1L =20, = (14)

Figure 5 shows the I./I contours for the u/ and &' > 0
directions in the purely absorbing limit (S, = 0 and B, =
k). Some east boundary intensities are seen to be greater than
the upstream intensity /!, which is impossible for this non-
emitting and nonscattering example. Furthermore, I cannot
exceed I’ for this case, since the distance between the hot
south wall and point P is identical to the distance between
the hot wall and point e (Fig. 2¢). The east boundary intensity
predicted by Eq. (14) is twice I, and can contain overshoots
that are physically unrealistic.

Positive Scheme

Although it is possible to present an analysis for absorbing-
emitting-scattering media, some interesting features are ob-
served in purely absorbing media (S!,, = 0 and B/,, = «).
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Fig. 5 Diamond scheme I'/I' for a) kAy = 0.1 and b) kAy = 1.
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Fig. 6 Positive scheme I'/I! for a) kAy = 0.1 and b) xAy = 1.

The north boundary intensity obtained by the positive scheme
is

by [u'f;, e sy TR0
where f!, and f! are defined in Eq. (5). Plots of I'/I! for
varying u/ and &' are shown in Fig. 6. Comparing Figs. 6 and
4 shows that the positive scheme sets the negative intensities
encountered in the diamond scheme to zero or very small
intensities. The east boundary intensity in the purely absorb-
ing limit is

gL e
TR TR\ e+ WAy

) 1L (16)

Since f. can be less than unity, /%, can be larger than /%, which
is physically unrealistic for this problem as explained for the
diamond scheme.

Fiveland’s Positive Intensity Conditions

Fiveland’ suggests guidelines for maintaining positive in-
tensity and avoiding unwanted oscillations throughout the
computational domain. These conditions are written for purely
absorbing media as

el _ e nl
a-pr VTa-pc ¥oa-nt
(17)
where y is defined as
X:f3+(1—f)2(2—5f) (18)

f

The ratio /(1 — f) is equal to kAy/¢, and is shown in Table
1 for various values of spatial differencing weights. When
f = 0.5 (diamond scheme), negative intensities will occur
irrespective of the size of the control volumes employed. When
f = 1.0 is used (step scheme), there is no limitation on the
grid spacing. The values of /(1 — f) in Table 1 also indicate

Table 1 Ratio of x/(1 — f) for

various f

f /(1 — f) = kAylé
0.5 0.000

0.6 0.233

0.7 0.990

0.8 2.700

0.9 7.822

1.0 )

Table 2 Level symmetric Sg quadrature set
for the first quadrant

. . Ordinates
Direction
number ! ¢
1 0.1422555 0.1422555
2 0.5773503 0.1422555
3 0.8040087 0.1422555
4 0.9795543 0.1422555
5 0.1422555 0.5773503
6 0.5773503 0.5773503
7 0.8040087 0.5773503
8 0.1422555 0.8040087
9 0.5773503 0.8040087
10 0.1422555 0.9795543

that if conditions in Eq. (17) are satisfied, positive intensities
are ensured for 0.5 < f = 1.0.

The north boundary intensities are given below for the two-
dimensional test problem (Fig. 2c¢) in the purely absorbing
limit

1:1___5_[______.__ _ !
Py e R

The criterion for positive north boundary intensities for this
problem can be written as

KAy 1 u
—_——— - = 20
& C1-f & 29

This positive criterion is fundamentally different from Five-
land’s conditions, where the ratio is only a function of f. For
the right side of Eq. (20) to be greater than or equal to zero,
the weighting factor must satisfy the following condition:

f= (21)

The positive intensity condition in Eq. (21) can be applied
to a specific ordinate set for better comparison with Fiveland’s
condition.” If the Sy quadrature set in Table 2 is used, negative
intensities will occur for f = 0.8 in the direction number 2,
irrespective of the number of control volumes employed. Five-
land’s condition only required f > 0.5 for positive intensities.
This simple test problem shows that while Fiveland’s condi-
tions are useful guidelines, they do not necessarily ensure
positive intensities for all situations. Even if conditions in Eq.
(17) are satisfied, a user should still check for negative in-
tensities and apply necessary fix-up procedures.

Other Differencing Schemes

The analysis for the test problem considered in this article
has shown that the diamond scheme can produce overshoots
and undershoots. The positive scheme is also not free from
overshoots. It seems, in general, any spatial differencing scheme
defined by Eq. (4) with weighting factors less than unity can
produce physically unrealistic overshoots when used in mul-
tidimensional Cartesian coordinates computations. This sec-
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tion briefly discusses the variable weight® and exponential-
type schemes.>#1¢

A variable-weight® scheme assigns a uniform spatial differ-
encing weight for all directions by increasing f from 0.5 up to
1.0 until no negative intensities are encountered in any di-
rection. Above consideration of Fiveland’s positive conditions’
indicates that some directions will require f > 0.8. Although
not presented in this article, a similar three-dimensional anal-
ysis showed that f > 0.9 are required for some directions. A
variable weight scheme® may well require additional com-
putational effort merely to assign a differencing weight very
close to the step scheme.

The exponential scheme? is generally regarded as a more
accurate differencing scheme in one-dimensional computa-
tions. The modified-exponential scheme of Chai et al.® and a
higher-order scheme of Raithby and Chui'® are improvements
on the exponential scheme. The modified-exponential weight-
ing factor f7 is given as

fi= o ()

1
1 - eXp(_q-m Tm

where 7/, = B/ Ay/|&'|. It can be seen from Eq. (22) that this
weighting factor can also be less than unity. Since this can
sometimes lead to physically unrealistic solutions when used
with Eq. (4), exponential-type schemes may not ensure ac-
curacy in multidimensional computations.

Possible Differencing Practices

One reason for the occurrence of physically unrealistic so-
lutions lies in the failure of Eq. (4) to properly account for
the directional effect of radiation. Figure 7 shows three pos-
sible radiation directions. Equation (4) does not describe these
situations correctly, since for most of the rays I{ #+ f(I') and
I, # f(I).

A possible, although more complex alternative, is to trace
the downstream intensity appearing in Eq. (3) to an upstream
location where the intensity is known.!® The north boundary
intensity can then be evaluated using an exponential-type spa-
tial differencing scheme.?#1° Using the modified-exponential
scheme of Chai et al.® would give

L= Le ™™ 4 (SLIBL)(1 — ) (23)

where I/, is an upstream location appropriate for I/, and d' is
the distance between u and n. The advantage of Eq. (23) is
that the nodal intensities are evaluated from good boundary
intensities. The upstream location u must be chosen carefully
to avoid negative neighbor coefficients that can produce un-

wanted wiggles and negative nodal intensities.

Conclusions

A systematic evaluation of spatial differencing practices has
been presented for a basic test problem in two-dimensional

Cartesian coordinates. The following conclusions are drawn
from this study:

1) When the diamond scheme is used, there are situations
where negative intensities will occur irrespective of the number
of control volumes employed, and some form of negative
intensity fix-up procedure is needed.

2) Negative intensities can occur with grid refinement in
certain absorbing-emitting and absorbing-emitting-scattering
media, requiring, again, a negative intensity fix-up procedure.

3) For the purely absorbing problem tested, the positive
scheme sets the negative intensities encountered in the dia-
mond scheme to zero or small intensities.

4) As shown by the analysis with diamond and positive
schemes, there are situations where a downstream boundary
intensity can be artificially augmented when the weighting
factor is less than unity.

5) A user should check for negative intensities even when
the Fiveland positive conditions are satisfied.

6) Variable and exponential-type differencing schemes may
still not be sufficient for multidimensional calculations when
used with Eq. (4).

7) Spatial differencing schemes which describe the physics
of radiative heat transfer more accurately are needed.

If a simple spatial differencing scheme is needed for Carte-
sian coordinates computations, the step scheme is recom-
mended based on this study. A general recommendation would
require further evaluations, especially in geometries with cur-
vature effects. For those who continue to use either the dia-
mond or positive scheme, care must be taken to minimize
negative intensities and overshoots. In certain situations, the
user must also be willing to accept zero intensity, overshoots,
and undershoots as physically realistic solutions.
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